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Abstract

The kinetic pathways involved in the formation of c0(L12 structure)-precipitates during aging of concentrated Ni–Al–Cr alloys at
873 K, for three distinct alloy compositions, are studied experimentally by atom probe tomography, and computationally with lattice
kinetic Monte Carlo (LKMC) simulations using parameters deduced from first-principles calculations of cohesive energies, and from
experimental diffusion data. It is found that the compositional evolution of the c0-precipitate phase does not follow the predictions of
a classical mean-field model for coarsening of precipitates in ternary alloys. LKMC simulations reveal that long-range vacancy–solute
binding plays a key role during the early stages of c0-precipitation. With the aid of Monte Carlo techniques using the parameters
employed in the LKMC simulations, we compute the diffusion matrix in the terminal solid-solutions and demonstrate that key features
of the observed kinetic pathways are the result of kinetic couplings among the diffusional fluxes. The latter are controlled by the long-
range vacancy–solute binding energies. It is concluded that, because it neglects flux couplings, the classical mean-field approach to phase
separation for a ternary alloy, despite its many qualitatively correct predictions, fails to describe quantitatively the true kinetic pathways
that lead to phase separation in concentrated metallic alloys.
� 2011 Published by Elsevier Ltd. on behalf of Acta Materialia Inc.

Keywords: Nickel-based superalloys; Kinetic pathways; Atom probe tomography; Lattice kinetic Monte Carlo; Nanostructures
1. Introduction

The kinetic pathways involved in the early stages of
phase separation of a concentrated multicomponent super-
saturated solid-solution are critical to the development of
the final microstructure, which is of significant technologi-
cal importance for controlling the physical and mechanical
properties of a material. On the theoretical side, kinetic
pathways are described in terms of nucleation, growth
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and coarsening, the theory of which implies diffusion in
the matrix, transfer of atoms across the precipitate–matrix
interface together with the assumption of local equilibrium
[1–4]. In the past few years, however, the achievements of
high-yield atom probe tomography (APT) and fast lattice
kinetic Monte Carlo (LKMC) simulations have made it
possible to describe phase separation at the atomic scale.
In the simple case of coherent precipitation, phase separa-
tion is nothing but the footprint left by the myriad of
vacancy jumps in the inhomogeneous distribution of
atomic species. Because the very same vacancy jumps are
at work in the equilibrium solid-solution, a link can be
established between some features of kinetic pathways
and diffusion in a solid-solution.
ialia Inc.
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Provided that the vacancy diffusion mechanism is
correctly accounted for, LKMC permits an excellent
simulation of the kinetic pathways for nucleation,
growth and coarsening observed experimentally at the
atomic scale by APT. This has been demonstrated for
the decomposition of a ternary Ni(Al,Cr) supersaturated
solid-solution into the c(face-centered cubic (fcc)) and
c0(L12 structure) phases, which is a model for more
complex Ni-base superalloys [5–11]. Based on this suc-
cess, intriguing features of the kinetic pathways can be
understood.

In earlier research [12], it was demonstrated that the
formation of necks between adjacent c0(L12 structure)-
precipitates in a Ni–Al–Cr alloy, which occurs abundantly
at early stages [9,13,14], results from the overlap of the
diffusion fields associated with c0(L12) precipitates. This
kinetic broadening of the concentration profiles is a result
of the specific coupling of the diffusional fluxes of the con-
stituent elements toward and away from c0(L12)-precipi-
tates. LKMC simulations have demonstrated that these
effects are not significant if the long-range vacancy–solute
binding energies are intentionally and artificially sup-
pressed beyond the first nearest-neighbor (NN) distance.
These binding energies strongly affect the coupling among
diffusional fluxes, but contribute negligibly to the thermo-
dynamics of an alloy. Most, if not all, phenomenological
models assume that the vacancies are permanently at
equilibrium (i.e. the chemical potential of a vacancy, lv,
is set equal to zero) and make specific assumptions about
the diffusion matrix (e.g. assuming the diffusion matrix is
diagonal). An important exception is the work by Morral
and Purdy [15], who discussed the effect of the off-diago-
nal terms of the diffusion matrix on the coarsening stage
in binary alloys. Their treatment, however, assumes that
both the precipitate and the matrix compositions evolve
along the tie-line: that this is not necessarily the case,
was demonstrated in 1987 by Hoyt et al. [16] in their
small-angle scattering study of the early stage of Al–
Ag–Zn decomposition. As demonstrated below, in our
study as well, the mean precipitate composition does
not follow the tie-line. As such, existing mean-field phe-
nomenological models may not be able to describe accu-
rately and quantitatively the kinetic pathways involved
in the early stages of phase separation.

In this research, we compare the compositional evolu-
tion of three model Ni–Al–Cr superalloys aged at 873 K
(alloy A: Ni–7.5Al–8.5Cr; alloy B: Ni–5.2Al–14.2Cr; alloy
C: Ni–6.5Al–9.5Cr, all at.%), which differ by the c0(L12)-
precipitate final volume fractions and compositions, by
the equilibrium compositions of the c(fcc)-phase, and by
the initial supersaturations. The temporal evolution of
the phase compositions of alloys A–C were measured
experimentally by APT, predicted by employing a mean-
field model, and simulated with two LKMC simulation
strategies, which were designed to test the effects of the
long-range vacancy–solute binding energies to fourth-
NN on c0(L12)-precipitation, which are obtained by
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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first-principles energy calculations. The LKMC1 scenario
is run with the long-range vacancy–solute binding energies
out to fourth-NN distances, while in the LKMC2 simula-
tion, the latter are suppressed from second- to fourth-NN
distances. Finally, we compute the diffusion matrix in the
terminal solid-solution: the latter reveals strong kinetic
and thermodynamic couplings among diffusional fluxes,
which play a key role for rationalizing the results pre-
sented in Section 3.

2. Experimental, modeling and simulation techniques

In this section, we present our APT observations of
phase separation (Section 2.1) and then the predictions
from the mean-field model are compared to the APT and
LKMC results (Sections 2.2 and 2.3). Section 2.4 summa-
rizes the procedure we employ to estimate the pairwise
interaction energies, which we use in all stages of modeling,
and finally Section 2.5 describes how we compute the diffu-
sion matrix in the terminal solid solutions.

2.1. Atom-probe tomography

Solution-treated ingot-sections of alloys A–C were aged
at 873 K under flowing argon for times ranging from 1/6 to
1024 h; alloy C was also aged for 4096 h: all concentrations
in this article are in at.% unless otherwise specified. We per-
formed voltage-pulsed APT on microtip specimens with a
conventional APT [17,18] and a Cameca (formerly Imago
Scientific Instruments, Madison, WI) three-dimensional
(3-D) local-electrode atom-probe (LEAP) tomograph [19–
24] in the Northwestern University Center for Atom-Probe
Tomography (NUCAPT). APT data collection was
performed at a specimen temperature of 40.0 ± 0.3 K, a
voltage pulse-fraction (pulse voltage/steady-state DC
voltage) of 19%, a pulse repetition rate of 1.5 kHz (a
conventional APT) or 200 kHz (3-D LEAP tomograph),
and a background gauge pressure of <6.7 � 10�8 Pa
(<5 � 10�10 Torr). Alloys A and C were pulse dissected
using a green picosecond laser (wavelength = 532 nm)
[25]. The average detection rates in the areas of analysis
ranged from 0.011 to 0.015 ions per pulse for conventional
APT and from 0.04 to 0.08 ions per pulse for the 3-D
LEAP tomographic analyses. Conventional APT data were
visualized and analyzed with APEX software, the successor
of ADAM [26], while LEAP tomographic data was ana-
lyzed employing the program IVAS 3.0 (Cameca Instru-
ments). The c(fcc)/c0(L12 structure) interfaces were
delineated with 10.5, 9 and 10–12.5 at.% Al isoconcentra-
tion surfaces generated with efficient sampling procedures
[27], for alloys A–C, respectively, and detailed composi-
tional information was obtained with the proximity histo-
gram method [28]. Further experimental and analytical
information, including details regarding the nanostructural
properties of the c0(L12)-precipitates and comparisons with
classical nucleation, growth and coarsening models can be
found in Refs. [9,10,13,14,29–33].
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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2.2. Mean-field theory of coarsening

The first comprehensive mean-field treatment of Ost-
wald ripening [34], due to Lifshitz and Slyozov [35] and
Wagner [36], and known as the LSW model, is limited to
binary alloys with vanishingly small precipitate volume
fractions and spatially fixed spherical precipitates whose
initial compositions are equal to their equilibrium values.
The LSW model assumes that coarsening occurs by the
evaporation–condensation mechanism, whereby solute
atoms evaporate from the surface of smaller shrinking pre-
cipitates, and condense on larger growing precipitates.
Coarsening of a dispersion of precipitates within a disor-
dered matrix is assumed to be controlled by the diffusion
of solute atoms, which is in turn governed by the chemical
potential difference between the interfacial region and the
far-field solid-solution; interference among the diffusion
fields of nearby precipitates are ignored. Precipitate volume
fraction effects have been included in the 1990s [37].
Umantsev and Olson [38] considered the general case of
coarsening of concentrated multicomponent alloys, assum-
ing the precipitates have their equilibrium composition,
and showed that the temporal exponents are identical to
those obtained from the LSW model but with different rate
constants. Kuehmann and Voorhees (KV) [39] considered
the isothermal quasi-stationary coarsening regime in ter-
nary alloys and developed a phenomenological model,
which includes the effects of capillarity on the precipitate
composition, such that the matrix and precipitate composi-
tions can deviate locally from their equilibrium thermody-
namic values, because of the Gibbs–Thomson effect. The
KV model assumes that: (i) the matrix supersaturations
change slowly with aging time (quasi-stationary regime
approximation); (ii) the off-diagonal terms in the diffusion
matrix are negligible, which implies specific relationships
among the coefficients of the Onsager and susceptibility
matrices (see Section 2.5); (iii) the c0(L12)-precipitates are
spherical with a uniform composition; (iv) the lattice–
parameter mismatch between precipitates and matrix is
small, so that the precipitates are coherent and elastic
strain-effects can be ignored; and (v) the precipitate volume
fraction is small.

According to the KV model, the growth rate of a precip-
itate of radius R undergoing coarsening in Ni–Al–Cr alloys
is described by:

dR
dt
¼ 1

RK

�
ðCc;ff

Al � Cc;eq
Al ÞðpAlG

c
;AlAl þ pCrG

c
;AlCrÞ

þðCc;ff
Cr � Cc;eq

Cr ÞðpAlG
c
;AlCr þ pCrG

c
;CrCrÞ �

2rc=c0V c0

m

R

�
ð1Þ

where R is the radius of a precipitate, t is time, V c0
m is the

molar volume of the c0(L12)-precipitate phase, i is an atom-
ic species, pi is the magnitude of the partitioning as defined
by pi ¼ Cc0;eq

i � Cc;eq
i ;Cc;ff

i is the far-field i-concentration in
the c(fcc)-matrix phase, rc=c0 is the c(fcc)/c0(L12) interfacial
free energy, and Gc

;ij is a short-hand notation for the partial
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second-derivatives of the molar Gibbs free-energy of the
c(fcc)-matrix phase with respect to the concentrations of
solute species i and j. The coefficient K in Eq. (1) contains
thermodynamic and kinetic quantities and is given by:

K ¼ pAl

DAlAl
ðpAlG

c
;AlAl þ pCrG

c
;AlCrÞ þ

pCr

DCrCr
ðpAlG

c
;AlCr þ pCrG

c
CrCrÞ

ð2Þ

where DAlAl and DCrCr are the direct diffusivities of Al and
Cr in the diffusion matrix.

The supersaturation ðDCc0
i ðtÞÞ of a c0(L12)-precipitate

with radius R is predicted by the KV model to evolve tem-
porally as follows:

DCc0

i ðtÞ¼Cc0

i ðtÞ�Cc0 ;eq
i ¼ a

R
þbi

� pCr

DCrCr
ðCc;ff

Al ðtÞ�Cc;eq
Al Þ�

pAl

DAlAl
ðCc;ff

Cr ðtÞ�Cc;eq
Cr Þ

� �
ð3aÞ

where Cc0
i ðtÞ is the actual concentration of element i in the

c0(L12)-precipitates at time t and:

a ¼ 2rc=c0V c0

mðg0Ni þ g0Al þ g0CrÞ
K@c0 ð3bÞ

bAl ¼
pAlG

c0

;AlCr þ pCrG
c0

;CrCr

K
@c

@c0 ð3cÞ

bCr ¼
ðpAlG

c0

;AlAl þ pCrG
c0

;AlCr

K
@c

@c0 ð3dÞ

and

@a ¼ Ga
;AlAlG

a
CrCr � ðGa

;AlCrÞ
2
; ða ¼ c or c0Þ ð3eÞ

where the g0i ði ¼ Ni;Al;CrÞ are given in an appendix to
KV’s article [39]. Eq. (3a) includes two time-dependent
terms: the first one is inversely proportional to R and the
second one involves the supersaturations of Al and Cr in
the c(fcc)-matrix. The far-field (ff) supersaturation terms
evolve temporally as:

Cc;ff
i ðtÞ � Cc;eq

i

¼ ð3rV c0

mÞ
2=3K1=3pi

pAlðpAlG
c
;AlAl þ pCrG

c
;AlCrÞ þ pCrðpAlG

c
;AlCr þ pCrG

c
;CrCrÞ

� t�1=3ði ¼ Al;CrÞ ð4Þ

The c(fcc)-matrix composition is thus predicted to follow a
straight line, since time cancels out when taking the ratio of
the two above equations, one for each solute i, Eq. (4);
furthermore, the latter straight line is the tie-line because:

Cc;ff
Al ðtÞ � Cc;eq

Al

Cc;ff
Cr ðtÞ � Cc;eq

Cr

¼ pA1

pCr

ð5Þ

As for the c0(L12)-precipitate composition, we first note
that in the three alloys we have studied, the latter compo-
sition averaged over the population of precipitates is,
within experimental uncertainty, equal to the composition
of the c0(L12)-precipitate with the average radius, hRi (see
Section 3.1, Fig. 1). From Eq. (3a), we obtain:
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Fig. 1. Time evolution of the mean concentrations in the c0(L12)
precipitates and of a precipitate with the mean radius hRi, in alloy C
(Ni–6.5Al–9.5Cr, at.%). During coarsening, the average precipitate
composition does not depart significantly from the composition of a
precipitate with mean radius hRi.
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DCc0

i ðtÞ ¼ Cc0

i ðtÞ � Cc0 ;eq
i ¼ a

hRi þ bi

� pCr

DCrCr
ðCc;ff

Al ðtÞ � Cc;eq
Al Þ �

pAl

DAlAl
ðCc;ff

Cr ðtÞ � Cc;eq
Cr Þ

� �
ð6Þ

Since, as shown by KV, hRi and the matrix
supersaturations grow and decay as t1/3 and t�1/3, respec-
tively, we deduce from Eq. (6) the following equation for
the c0(L12)-composition trajectory:

hCc0

AlðtÞi � Cc0 ;eq
Al

hCc0

CrðtÞi � Cc0;eq
Cr

¼ aþ bAl

aþ bCr
ð7Þ

Time does not enter Eq. (7); therefore, the c0(L12)-compo-
sition trajectory is rectilinear, as is that of the c(fcc)-phase,
but it is not located on the tie-line. Since it converges to the
c0(L12)-equilibrium compositions, Eq. (6), the KV model
predicts that the mean c0(L12)-precipitate’s initial composi-
tion is not located on the tie-line. The above qualitative
predictions can be quantified, provided numerical values
are substituted for the parameters in Eqs. (1)–(7). This is
discussed in Section 3.2.

2.3. Lattice kinetic Monte Carlo simulations

Since the coherency strains of the alloys under investiga-
tion are small, i.e. 0.27 ± 0.04% for alloy A, 0.06 ± 0.04%
for alloy B and 0.28 ± 0.04% for alloy C, rigid-lattice
KMC [40,41] was utilized to model the decomposition of
the three Ni–Al–Cr solid-solutions. The primitive atomic
positions are an array of rhombohedral cells of the fcc lat-
tice and the volume of the simulation box is N = L3, where
L is 64 in the nucleation regime and 128 in the coarsening
regime in this study. One monovacancy is introduced into
the system: each lattice site is thus occupied by either one
Ni or Al or Cr atom or by the monovacancy.
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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The kinetics of this technique are based on a thermally
activated diffusion process involving monovacancy jumps
toward the first NN sites. The exchange frequency, W i;v

p;q,
between an atom of type i on site p and a vacancy, v, on
a NN site q is given by:

W i;v
p;q ¼ mi exp �

Ei
sp�p;q �

P
broken bondsðnk

ije
k
i�j þ ek

v�iÞ
kBT

 !
ð8Þ

where mi is the attempt frequency for the exchange, Ei
sp�p;q is

the binding energy of atom i to the saddlepoint (sp) be-
tween sites p and q, and

P
broken bondsðnk

ije
k
i�j þ ek

v�iÞ is the

sum of the atomic interactions over all the bonds that are
affected by having atom i and the monovacancy v exchange
between sites p and q, respectively [42]. The thermodynam-
ics of the alloy are embodied in the values of ek

i�j, the

atom–atom interaction energies, and ek
v�i, the monovacan-

cy–solute ghost interactions between an atom and a mono-
vacancy in the kth NN shell. The kinetic database requires
additional parameters, specifically values for mi and the
Ei

sp�p;q terms, which are described in detail in Ref. [5].

The effect of ordering on diffusion is automatically
included in the LKMC simulations and hence the c0(L12)-
precipitates exhibit order [12].

2.4. Computing pairwise interactions

All the atom–atom interaction energies in the alloy and
the vacancy–solute binding energies in Ni are estimated uti-
lizing first-principles calculations performed employing the
plane-wave pseudopotential total-energy method with the
local-density approximation (LDA) [43], as implemented
in the Vienna Ab-initio simulation package (VASP) [44–
48]. The electron–ion interaction used is the ultrasoft
pseudopotential [49] with plane waves up to an energy cut-
off of 300 eV, with 4 � 4 � 4 Monkhorst–Pack k-point
grids. A 3-D periodic supercell with 468 total atoms is
employed to determine the total energies of the calculated
cells, which converged to 2 � 10�5 eV atom�1 with residual
forces equal to 0.005 eV nm�1. The pairwise interaction
energies up to fourth NN were deduced from a linear
regression analysis of the cohesive energy computed for
12 distinct alloy compositions with approximately 20 differ-
ent configurations for each composition and, for some of
the compositions, 10 values of the lattice parameter, so as
to minimize the prediction error [50]. The starting values
in the iterative fitting procedure, for homoatomic interac-
tions up to the fourth NN, were obtained from the
Chen–Möbius technique [51]. Table 1a lists the interaction
energy values so determined. Also given in Table 1a are the
vacancy–solute ghost interaction energies ek

v�i (i = Ni, Al,
Cr), which were estimated by the methods described below.

The Ni–vacancy ghost interaction el
v�Ni (which reflects

the modification of atomic bonding in Ni due to the
absence of one atom) is concentrated onto the first-NN
shell following Doyama and Koehler’s method [52]. The
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Table 1a
Interaction parameters: atom–atom interaction energies are computed from first principles; vacancy–atom ghost interaction energies are computed either
from Eq. (9b,c), or from Eq. (10), for v–Al and v–Cr. The quantity “/eab” stands for the value of the ghost energies needed to annihilate artificially the
vacancy–solute binding beyond the first-NN shell (parameter set 2).

NN shell ek
Ni�Ni (meV) ek

Al�Al (meV) ek
Cr�Cr (meV) ek

Ni�Al (meV) ek
Ni�Cr (meV) ek

Al�Cr (meV) ek
v�Ni (meV) ek

v�Al (meV) ek
v�Cr (meV)

Eq. (9) Eq. (9) Eq. (9)
Eq. (10) Eq. (10)

1st �749 –579 –685 –750 –758 –696 –221 –223 –175
–278 –277

2nd �13.5 –26.5 –11.2 34.9 25.7 22.5 0 0 0
16.9 19.9

/eNi,Ni /eAl,Ni /eCr,Ni

3rd 14.2 8.4 –18.5 –28.5 5.3 21.1 0 0 0
–33.5 –15.7

/eNi,Ni /eAl,Ni /eCr,Ni

4th –6.6 –12.1 –9.5 12.5 –16.6 11.5 0 0 0
8.7 –15.2

/eNi,Ni /eAl,Ni /eCr,Ni
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formation energy of a monovacancy in pure Ni, Evf
Ni , is

given by:

Evf
Ni ¼ �Ecoh

Ni þ Z1e
1
v�Ni ð9aÞ

e1
v�Ni ¼

1

Z1

ðEvf
Ni þ Ecoh

Ni Þ ð9bÞ

where Z1 is the number of first-NNs, and Ecoh
Ni is the cohe-

sive energy per atom. The vacancy–solute ghost interaction
energies, have been estimated in two distinct ways:

(a) Using Eq. (9b) with Al or Cr instead of Ni yields:

e1
v�s ¼

1

Z1

ðEvf
s þ Ecoh

s Þðs ¼ Al;CrÞ: ð9cÞ

(b) Taking advantage of the vacancy–solute (v–s) binding
energies in pure Ni, Ek

v�s;binding, which were calculated from
first-principles, Table 1b, and which are given by:

Ek
v�s;binding ¼ ðek

Ni�s þ ek
v�NiÞ � ðek

v�s þ ek
Ni�NiÞ; ð10Þ

where 1 6 k 6 4 indicates the NN-shells and taking
ek

v�Ni ¼ 0 for k > 1. In Eqs. (9b) and (9c), the cohesive ener-
gies are deduced from first-principles calculations and the
monovacancy formation energies are given their experi-
mental values, taken from Ref. [8]. LKMC simulations per-
formed with the above parameter values, Table 1, are
denoted hereafter as LKMC1.

Table 1b demonstrates that the binding energy of a
monovacancy to an Al atom in Ni is strongly attractive
and long-ranged; it is a bit weaker with Cr (a positive
Table 1b
Vacancy–solute binding energies to the fourth-NN shell, in Ni, as
computed from first principles (positive binding energies are attractive
and negative energies are repulsive).

NN shell (k) 1st 2nd 3rd 4th
Ek

v�s;binding (meV)

Al–v 55.6 31.5 �9.2 10.4
Cr–v 46.5 19.3 6.8 5.2
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binding energy is attractive and a negative one is repulsive).
One may therefore conclude that Cr is a slow diffuser in Ni
compared to Al, which is consistent with experimental data
on diffusion in Ni–Al–Cr alloys [8]. In addition, the corre-
lation effects for Al and Cr diffusion are expected to be sen-
sitive to the long-range monovacancy–solute binding
energy. Indeed, the return probability of a monovacancy
to the first-NN shell of a solute atom after an exchange
must be affected by the distant binding to that atom [53].
The latter distant binding energies can be manipulated to
modify the correlation effects in diffusion, without altering
the alloy’s thermodynamics significantly, since the mono-
vacancy concentration is vanishingly small: indeed setting
artificially ek

v�Ni ¼ ek
Ni�Ni and ek

v�s ¼ ek
Ni�s in Eq. (10), for

k > 1 annihilates the solute–monovacancy binding-energies
beyond the first NN-shell. LKMC simulations performed
with the above artificial choice are denoted LKMC2. The
effect of this latter manipulation is very significant and is
discussed in Section 2.5. Additional details concerning all
the physical quantities discussed in this section will be pre-
sented in a forthcoming article [54].

2.5. Diffusion theory

The interpretation of our results (Section 3) takes
advantage of some basic concepts of diffusion theory,
which we now review briefly. The model Ni–Al–Cr alloys
are specified by the concentrations of the atomic species,
CNi, CAl, CCr, and the concentration of monovacancies,
Cv; these four concentrations sum to unity. Since the
c0(L12)-precipitates are coherent with the c(fcc)-matrix, lat-
tice sites are conserved locally during phase separation.
Because the mean edge-to-edge distance between c0(L12)-
precipitates is small compared to the interdislocation spac-
ing, lattice sites are conserved at all space and time scales,
which are given by the mean spacing between dislocations
and the time it takes for vacancies to diffuse that distance.
Hence, a microstructure (i.e. the 3-D spatial distribution of
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta

http://dx.doi.org/10.1016/j.actamat.2011.10.046


6 Z. Mao et al. / Acta Materialia xxx (2011) xxx–xxx
c0(L12)-precipitates, their compositions, the composition of
the c(fcc)-matrix, and the concentration profiles immedi-
ately adjacent to c0(L12)-precipitates) is defined by three
independent composition fields. The latter define three dif-
fusion potentials fields, (lNi � lv), (lAl � lv), (lCr � lv),
which drive three independent diffusional fluxes, whose
magnitudes imply six Onsager coefficients, LNiNi, LAlAl,
LCrCr, LNiAl, LNiCr, LAlCr. The flux of matter, in the lattice
frame of reference, is given by:

~J ¼ �Lr~lðXkT Þ�1 ¼ �Dr~CX�1; ð11Þ
where eJ is a column vector with elements JNi, JAl, JCr, sim-
ilarly for the diffusion potential, ~l, the ith component of
which is (li � lv), and the concentrations of species, eC ; X
is the volume of an atom in the c(fcc)-matrix phase,1 and
kT has its usual meaning. In the above notation, the Ls
and Ds have the same units. Indeed, since lattice sites are
conserved far from the dislocations, which have a mean
spacing that is significantly greater than the edge-to-edge
interprecipitate distance, the vacancy flux in the lattice
frame of reference is the negative of the sum of the three ele-
mental solute fluxes, i.e. �Jv = JNi + JAl + JCr. The diffu-
sion matrix, D, is given by the product of the kinetic
factor, described by the Onsager matrix, L, and the
thermodynamic factor, imbedded in the susceptibility
matrix, v:

D ¼ L
v

kT
; where vij ¼

@ðli � lvÞ
@Cj

� �
with i; j

¼ Ni;Al;Cr ð12Þ

The diffusion matrix is in general nondiagonal, i.e. accord-
ing to Eq. (11), the flux of any species i is a linear combina-
tion of all the concentration gradients. Two distinct
physical processes contribute to the off-diagonal terms of
the diffusion matrix:

(a) the chemical potential of species i depends on the
concentrations of all other species, as embedded in
the off-diagonal terms of the susceptibility matrix,
vi–j; and

(b) even in the absence of the above effect (i.e.vi–j = 0),
the diffusion mechanism (monovacancy jumps) intro-
duces kinetic couplings among the fluxes: these
induced fluxes are described by the off-diagonal terms
of the Onsager matrix. Indeed, vi–j = 0, but Li–j – 0
yields Di–j – 0.

The L and v matrices are both symmetrical. They can be
calculated by Monte Carlo techniques for both sets of
parameters, LKMC1 and LKMC2, as introduced above.
The semi-grand canonical Monte Carlo technique [55] is
used to estimate the equilibrium solid-solution
1 We are ignoring any lattice parameter dependence on composition and
coherency strain between the c(fcc)-matrix phase and the c0(L12)-precip-
itate phase, so that X ¼ V c

m=4.
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composition, which is chosen as the terminal solid-solution
expected after the completion of phase separation. These
compositions are Ni–5.35Al–9.40Cr for alloy A, Ni–
3.4Al–15.23Cr for alloy B, and Ni–5.42Al–10.3Cr for alloy
C. The L matrix is calculated, following Einstein’s
definition, along a LKMC trajectory in the equilibrium
solid-solution [53]. The diffusion potentials, (li � lv), are
computed by the semi-grand canonical Monte Carlo tech-
nique [55] applied to the quaternary solution consisting
of the three chemical components and vacancies. The v
matrix is obtained by first computing the three diffusion
potentials for five distinct compositions in the vicinity of
the equilibrium composition; we then perform a multivari-
able linear regression vs. composition changes. The same
technique was used to determine the values of the suscepti-
bilities in the c0(L12)-phase, Gc0

;ij, which enter the KV
expressions, such as a and bi in Eqs. (6) and (7).

Table 2a–c display the values of, respectively, the
Onsager coefficients, the susceptibilities, and the diffusion
coefficients, for the two sets of parameters (1 and 2) intro-
duced in Section 2.4, with the vacancy–solute ghost interac-
tions deduced from Eq. (9) (method (a) in Section 2.42), for
the c(fcc)-phase equilibrium compositions in alloys A–C.
All matrices have the form:

NiNi NiAl NiCr

AlNi AlAl AlCr

CrNi CrAl CrCr

0B@
1CA ð13Þ

Inspection of the tables leads to the following results.

2.5.1. Onsager matrix: Table 2a
All three alloys exhibit L matrices that are similar,

despite the difference in compositions. They are approxi-
mately, respectively, for parameter sets 1 and 2:

L1 �
145 200 120

� 470 187

� � 110

0B@
1CA;

L2 �
120 48 11

� 165 29

� � 26

0B@
1CA ðboth in 10�24 m2 s�1Þ; ð14Þ

the precise values of the Lij coefficients in these matrices are
found in Table 2a.

For parameter set 1, the off-diagonal terms are of the
same order of magnitude (sometimes larger) than the diag-
onal terms. For instance, in alloy A, LNiAl = 207 ± 11
(10�24 m2 s�1) while LNiNi = 149 ± 9 (10�24 m2 s�1). This
implies that strong kinetic couplings prevail among the
atomic fluxes. Under parameter set 2, on the contrary,
the off-diagonal terms are decreased by at least a factor
of 4: as anticipated, kinetic couplings are weakened
although not completely suppressed. Also, for parameter
2 Using method (b), Eq. (10), rather than method (a) yields qualitatively
similar results with minor quantitative differences.
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Table 2
Onsager, susceptibility and diffusion matrices. All matrices below have the form of Eq. (13). The calculations are performed, respectively, with parameter
sets 1 (method a) (second column) and 2 (last column), in the c(fcc)-phase solid-solution with the equilibrium composition, i.e. for alloys A, B and C: Ni–
5.35Al–9.4Cr, Ni–3.4Al–15.23Cr and Ni–5.42Al–10.3Cr (at.%), respectively.

Alloy L1 (m2 s�1) L2 (m2 s�1)

(a) Matrix of Onsager coefficients. The matrices are symmetrical (Lij = Lji). Units are m2 s�1

A 10�24
149� 9 207� 11 118� 6

– 495� 19 189� 9
– – 105� 6

0@ 1A 10�24
121� 6 49� 5 11� 2

– 175� 7 29� 4
– – 25� 4

0@ 1A

B 10�24
142� 8 197� 12 127� 7

452� 31 184� 11
114� 6

0@ 1A 10�24
114� 7 47� 5 11� 2

– 155� 16 29� 4
– – 27� 4

0@ 1A

C 10�24
144� 9 202� 11 121� 6

– 468� 19 186� 9
– – 108� 6

0@ 1A 10�24
117� 6 48� 5 11� 2

– 166� 7 29� 4
– – 26� 4

0@ 1A
Alloy v1=kT v2=kT

(b) Matrix of susceptibilities (scaled to kT). The matrices are symmetrical (vij = vji)

A
10:4� :9 �5:1� :3 �2:84� :12

– 42� 2 10:6� :7
– – 20� 1

0@ 1A 14� 1 �7:5� :6 �8:5� :7
– 19� 1 11:0� :9
– – 10:0� :8

0@ 1A

B
10:4� :9 �4:9� :3 �2:98� :15

– 39:6� 2:1 10:2� :8
– – 21:0� 1:4

0@ 1A 14� 1 �7:3� :6 �8:6� :7
– 19� 1 10:4� 1:0
– – 10:9� 1:0

0@ 1A
C

10:4� :8 �5:0� :3 �2:9� :1
� 40:3� 1:2 10:5� :7
– – 20� 1

0@ 1A 14� 1 �7:4� :6 �8:6� :6
– 19� 1 11:0� :9
– – 11:0� :8

0@ 1A
Alloy D1 (m2 s�1) D2 (m2 s�1)

(c) Diffusion matrices

A 10�23
17� 1 919� 5 410� 3
�88� 2 2173� 11 839� 4
�2:5� :3 845� 53 374� 3

0@ 1A 10�22
12� 1 1:5� :1 �3:8� :1
�7:1� :2 28� 3 15:2� :8
�2:8� :1 7:3� :2 4:9� :1

0@ 1A

B 10�23
13� 1 839� 3 425� 2
�73� 2 1880� 8 789� 4
7:7� 1 782� 3 389� 2

0@ 1A 10�22
12:1� 1:2 1:49� :13 �3:82� :13
�7:09� :19 28:5� 2:9 15:2� :8
�2:8� :1 7:3� :2 4:91� :1

0@ 1A

C 10�23
14� 1 868� 5 414� 3
�78� 2 1978� 11 807� 7
�2:5� 0:3 801� 51 379� 5

0@ 1A 10�22
12� 2 1:6� :1 �3:8� 0:3
�7:9� :3 30:9� 3 16:4� :8
�2:7� :1 7:3� 0:5 4:8� 0:2

0@ 1A

Z. Mao et al. / Acta Materialia xxx (2011) xxx–xxx 7
set 2, the mobilities of the solute atoms are decreased by a
factor close to 4. This is not surprising, in view of the sup-
pression of the long-range vacancy–solute binding energies,
which prevail under parameter set 2.

2.5.2. Susceptibility matrix: Table 2b

The v matrices of the three alloys are similar and only
weakly affected when suppressing long-range vacancy–sol-
ute binding, as expected. They are approximately given by:

v1=kT �
10 �5 �3

� 40 11

� � 20

0B@
1CA; v2=kT �

14 �7 �9

� 19 11

� � 11

0B@
1CA
ð15Þ

The off-diagonal terms are of the same order of magnitude,
and sometimes equal to the diagonal terms (vAlCr � vNiNi),
which are almost unchanged by annihilating the long-range
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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vacancy–solute ghost interactions (parameter set 2). This
implies chemical coupling among atomic fluxes.
2.5.3. Diffusion matrices

Despite the similarities of the L and the v matrices for the
three alloys, the D matrices are distinct, but with common
general features, as shown in Table 2c. In alloy A, under
parameter set 1, DAlAl is the largest diagonal term, a factor
of 6 greater than DCrCr, which itself is a factor of 20 greater
than DNiNi. The same hierarchy prevails for alloys B and C.
In alloy A, off-diagonal terms such as DNiAl, DNiCr, DAlCr,
DCrAl are as large or larger than DCrCr, hence larger than
DNiNi. Similarly, DAlNi has the opposite sign to DNiNi and
is a factor of 4 larger in magnitude: similar trends are found
for alloys B and C. Notice the inversion of sign for DCrNi

between alloy B (DCrNi > 0) and alloys A and C (DCrNi < 0).
For parameter set 2, the fastest moving species, Al, is
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Fig. 2. Edge-to-edge interprecipitate spacing d (open symbols: 3-D APT;
bold symbols LKMC1) in alloys A–C, compared to root-mean-square
diffusion distance (2

p
Dt) for the fast, the medium and the slow modes,

respectively. In alloy B the slow mode is too slow to be computed. Fast
mode: ; medium mode: ; and slow mode:

.
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slowed down: DAlAl is decreased by a factor 10 compared
to parameter set 1. The same is true for DCrCr, while
DNiNi increases by a factor of almost 10 and thus is lar-
ger than DCrCr. More precisely, in alloy A,
D2

AlAl
D1

AlAl
� 28

217
;

D2
CrCr

D1
CrCr
� 5

38
;

D2
NiNi

D1
NiNi
� 12

1:7
. Most importantly, the

off-diagonal terms of the diffusion matrix are now smal-
ler than the dominant diagonal ones or similar to DCrCr.
We therefore conclude that the phase-separation process
can be viewed as the rapid diffusion of the minor alloy-
ing constituents (Al and Cr) in the underlying Ni matrix,
with solute flux couplings strongly affected when cancel-
ling long-range vacancy–solute binding (LKMC2).

A clear way to visualize diffusional couplings is to search
for the eigenmodes (eigenvalue, eigenvector) of the diffu-
sion matrix. It is found that under parameter set 1, the
three eigenvalues of the diffusion matrices are quite dis-
tinct: the largest one (fastest mode) is about 30 times larger
than the medium one; the smallest one is 1–2 orders of
magnitude smaller than the medium one, even too small
to be computed in alloy B because of truncation errors.
For a concentration profile to evolve at the scale of the
edge-to-edge interprecipitate distance, kedge�to�edge (in the

coarsening regime), a time s ¼ k2
edge�to�edge

4D , is required.

Fig. 2 demonstrates that, for example, for alloy B, only
the fastest eigenmode contributes to growth during the first
3 h of aging: the medium eigenmode becomes significant
only after 104 s, well inside the coarsening regime. The fast
eigenvector of the diffusion matrix is such that:eJ fast ¼ �DfastrCfastX�1 and the eigendiffusion vector is

thus rCfast ¼ �XeJ fast=Dfast.
Table 3a presents for alloys A–C, under parameters

sets 1 and 2, the two fastest eigendiffusion modes: the
eigendiffusion coefficients and the components of the cor-
responding eigenflux ðJ k

Ni; J
k
Al; J CrkÞ, k = fast or medium;

the latter has been scaled to a unit flux of Al. As is seen
for all three alloys, under parameter set 1, within the Ni-
based matrix (where Ni is a slow diffuser compared to Al
and Cr), the fast eigenmode (i.e. the dominant eigenflux)
is mainly Al, which drags Cr in the same direction: e.g.
in alloy A, J fast

Cr =J fast
Al ¼ 0:40. For parameter set 2, the

contribution of Cr (J fast
Cr =J fast

Al ¼ 0:23) is about 1/2 that
under set 1. As for the medium eigenmode, which
becomes important at later stages (after a few hours of
aging in alloy B, Fig. 2), note the inversion, under
parameter set 1, of the sign of the flux couplings: one
Al atom drags approximately three Cr atoms in the
opposite direction.

For the sake of completeness, Table 3b compares the
diffusion matrix and the fastest eigendiffusion mode for
three variants of alloy B:

(1) B1: alloy B employing parameter set 1;
(2) B�1: same as above, but with the off-diagonal Onsager

coefficients artificially set to zero (L�i–j ¼ 0); and
(3) B2: alloy B employing parameter set 2.
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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Imposing L1�
i–j ¼ 0 on the one hand (B�1), or alternatively

suppressing the long-range vacancy–solute binding energies
(B2), have qualitatively similar but quantitatively distinct
effects on the fastest diffusion mode: a decrease of the dif-
fusion coefficient (by 14% and by a factor of �7, respec-
tively), and a weakening of the coupling of the Cr-flux to
the dominant Al-flux (by a factor of 5 and 1.4, respec-
tively). This demonstrates that parameter set 2 retains a
small fraction of the kinetic coupling between Al and Cr
atoms.

The above discussion will help for understanding the
shape of the concentration profiles close to the c(fcc)/
c0(L12) interfaces and other features of the compositional
trajectories, discussed below.
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Table 3a
Diffusion eigenmodes for alloys A–C, as calculated with parameter sets 1
(method a) and 2. The calculations are performed in the c(fcc)-phase solid-
solution with JCr/JAl equilibrium compositions, i.e. for alloys A, B and C:
Ni–5.35Al–9.4Cr, Ni–3.4Al–15.23Cr and Ni–5.42Al–10.3Cr (at.%),
respectively. For each alloy, we present the faster eigenmode (Dfast

(m2 s�1) and Jfast
Cr =J fast

Al ), the intermediate eigenmode (Dmedium (m2 s�1) and
Jmed

Cr =Jmed
Al ) and the slowest eigendiffusion coefficient. With parameter set 1,

the faster eigenmode is more than one order of magnitude faster than the
medium eigenmode. With parameter set 2, the fast eigenmode is three
times faster than the medium mode. In alloy B, the slowest mode cannot
be computed because of truncation errors (parameter set 1). The last
column displays the coupling between the Cr and Al flux, JCr/JAl, required
to build a c0(L12)-precipitate with its JCr/JAl equilibrium composition
from the supersaturated solutions A, B, C.

Alloy LKMC1 LKMC2 JCr/JAl

equilibrium

A Dfast (m2 s�1) (2.47 ± 0.01) 10�20 (3.7 ± 0.3) 10�21

Jfast
Cr =Jfast

Al 0.40 ± 0.01 0.23 ± 0.01 �0.27
Dmedium (m2 s�1) (8.37 ± 0.06) 10�22 (1.3 ± 0.1) 10�21

Jmed
Cr =Jmed

Al �2.95 ± 0.01 0.08 ± 0.01
Dslow (m2 s�1) (8.8 ± 0.3) 10-23 (5 ± 0.4) 10-23

B Dfast (m2 s�1) (2.19 ± 0.01) 10�20 (3.2 ± 0.3) 10�21

Jfast
Cr =Jfast

Al 0.44 ± 0.01 0.26 ± 0.01
Dmedium (m2 s�1) (9.20 ± 0.07) 10�22 1.3 ± 0.1) 10�21 �0.64
Jmed

Cr =Jmed
Al �2.55 ± 0.01 0.07 ± 0.01

Dslow (m2 s�1) 0 (truncation error) (6 ± 1) 10�23

C Dfast (m2 s�1) (2.28 ± 0.02) 10�20 (3.5 ± 0.3) 10�21 �0.36
Jfast

Cr =Jfast
Al 0.42 ± 0.01 0.24 ± 0.01

Dmedium (m2 s�1) (8.29 ± 0.07) 10�22 (1.3 ± 0.1) 10�22

Jmed
Cr =Jmed

Al �2.69 ± 0.01 0.07 ± 0.01
Dslow (m2 s�1) (4.7 ± 0.2) 10�23 (5 ± 0.4) 10�23
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We now stress two important points:

(a) Clear differences between the D matrices of the three
alloys are noticeable despite the fact that the v (ther-
modynamics) and L (kinetics) matrices are similar.
Table 3b
Diffusion matrix, and diffusion eigenmodes in
(method a); (2) B�1: under parameter set 1 aft
artificially cancelled, Li–j = 0 (“alloy B�1”); and

Alloy D (m2 s�1)

B1 10�23
13� 1 839� 3 425� 2
�73� 2 1880� 8 789� 4
7:7� 1 782� 3 389� 2

0@

B�1 10�22
14:8� 1:3 �7:03� :43 �
�22:4� 2:3 179� 13
�3:39� :45 11:6� 1:0

0@

B2 10�22
12:1� 1:2 1:49� :13 �3
�7:09� :19 28:5� 2:9 1
�2:81� :08 7:3� :2 4

0@

Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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(b) The diffusion matrices just discussed are computed in
the equilibrium terminal solid solution, and not in the
supersaturated c(fcc)-phase where nucleation occurs.
The vacancy jump frequencies used in the LKMC
simulations, Eq. (8), are locally defined and ignore
whether or not the solid-solution is at equilibrium.
In view of the observed small sensitivity of the L
matrix to the c (fcc)-phase composition, the com-
puted kinetic couplings among diffusional fluxes are
certainly of the correct order of magnitude in the
weakly supersaturated solid-solutions, which are
studied herein.

Appendix A presents an approach to simplify the
description of diffusion in the solid solution. Since the
mean vacancy jump frequency is orders of magnitude
(�1/Cv) greater than the mean atomic jump frequency, it
can be assumed that the highly mobile vacancies are in
local equilibrium with the slowly evolving alloy configura-
tion; the vacancy concentration field is a fast variable,
which can be “adiabatically eliminated”. Such a procedure
leaves us with two independent fields (instead of three): for
example, the atomic concentrations of the two minor com-
ponents, Al and Cr. Since the diffusion eigenmodes we find
with this approximate treatment are not strictly identical to
those obtained above (see Table A1 in Appendix A), we
retain the full description, which is more precise.

3. Results and discussion

The kinetic pathways for c0(L12)-precipitation in alloys
A–C, as determined by APT, have been described in detail
[9,10,14,30]. In particular, for alloy B, we demonstrated
that LKMC1 simulations reproduce accurately the main
features of the pathways as observed by APT: c0(L12)-pre-
cipitate number-density, mean radius, volume fraction,
alloy B: (1) B1: under parameter set 1
er the off-diagonal terms in L1 have been
(3)B2: under parameter set 2.

Dfast (m2 s�1)
J fast

Cr =Jfast
Al

Dmedium (m2 s�1)
J med

Cr =J med
Al1A

(2.19 ± 0.01) 10�20

0.44 ± 0.01
(9.20 ± 0.07) 10�22

�2.55 ± 0.02

4:23� :32
46:2� 2:4
23:9� 1:6

1A
(1.83 ± 0.05) 10�20

0.07 ± 0.01
(2.1 ± 0.2) 10�21

�1.22 ± 0.03

:82� :13
5:2� :8
:91� :1

1A
(3.2 ± 0.3) 10�21

0.26 ± 0.01
(1.3 ± 0.1) 10�21

0.07 ± 0.03
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supersaturations in the c(fcc)-matrix, and c0(L12)-precipi-
tates as a function of time are quantitatively reproduced
[12]. Moreover, an unexpected morphological feature
revealed by APT, the occurrence of c0(L12)-precipitate
coagulation and coalescence (precipitates interconnected
by necks) from the early stages of phase separation,
through a portion of the growth and coarsening regime,
also occurs employing LKMC1 with quantitative agree-
ment for the fraction of precipitates interconnected by
necks as a function of time. Coagulation and coalescence
does not occur when using LKMC2, and it was demon-
strated [12] that the dominant diffusional flux-couplings
under parameter set 1 are responsible for the coagulation
and coalescence process, which occurs by developing long
diffusional tails in the concentration profiles of Ni, Al
and Cr in the c(fcc)-matrix emanating from the c(fcc)/
c0(L12)-interfaces. Decoupling the fluxes under LKMC2

sharpens the concentration tails and suppresses coagula-
tion and coalescence, i.e. the formation of necks, which
results in the evaporation–condensation mechanism of
coarsening. Hence, it is concluded that the overlap of the
long diffusional tails of the concentration profiles causes
necks to occur between adjacent c0(L12)-precipitates.

In this section, we analyze, for all three alloys studied,
first the compositional trajectories of the c(fcc)-matrix
Fig. 3. Compositional trajectories in the three alloys A (black dots), B (grey do
composition of the c0-precipitates or of the c-matrix. The direction of increasin
utilizing the Kuehmann–Voorhees model, with the parameters described in Sect
employing LKMC2 simulations.
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and the c0(L12)-precipitates (Section 3.1), then the shape
of the concentration profiles at the c(fcc)/c0(L12)-interface
(Section 3.2), and finally demonstrate how the observed
features can be understood theoretically from our knowl-
edge of diffusion in solid-solutions.

3.1. Compositional trajectories

Fig. 3 displays the temporal evolution of the mean com-
positions of the c0(L12)-precipitates and the c(fcc)-matrix in
alloys A–C, as measured by APT (Fig. 3a), or as predicted
by the KV mean-field model, as explained in Appendix B
(Fig. 3b), and by LKMC with the two different sets of
parameters discussed previously (Fig. 3c and d). The data
points plotted in Fig. 3a are listed in Table 4, and Fig. 4
displays the temporal evolution of the Ni, Al and Cr super-
saturations, Eqs. (3a) and 4, in the c(fcc) solid-solution
(left-hand side) and c0(L12) precipitates (right-hand side)
in alloys A (black dots), B (gray dots), C (open triangles).

All the results are plotted in the Ni-rich corner of the
Ni–Al–Cr ternary phase diagram, Fig. 3, which was deter-
mined by the grand canonical Monte Carlo (GCMC) tech-
nique at 873 K [13,14]. Fig. 3 also displays the calculated
tie-lines for alloys A–C. The arrows indicating increasing
time are only displayed in Fig. 3a, but also apply to
ts) and C (open triangles): each point represents at a given time, the mean
g time is sketched for (a) only: (a) as observed using APT; (b) as predicted
ion 2; (c) as produced employing LKMC1 simulations; and (d) as produced
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Table 4
Temporal evolution of the c(fcc)- and c0(L12)-phase compositions as a function of aging time, at 873 K, as measured by APT.

Aging time (h) c-matrix composition (at.%) c0-precipitate composition (at.%)

Ni Al Cr Ni Al Cr

(a) Alloy A (Ni–7.5Al–8.5Cr, at.%)

0.167 83.96 ± 0.05 7.37 ± 0.03 8.67 ± 0.03 72 ± 3 21 ± 3 6 ± 1
0.25 84.04 ± 0.05 7.09 ± 0.09 8.9 ± 0.1 73 ± 1 21 ± 1 6.2 ± 0.7
1 84.50 ± 0.04 6.63 ± 0.04 8.87 ± 0.04 73.9 ± 0.4 20.0 ± 0.4 6.2 ± 0.2
4 84.75 ± 0.04 6.20 ± 0.03 9.05 ± 0.03 74.8 ± 0.2 19.1 ± 0.2 6.1 ± 0.1
16 84.92 ± 0.06 5.88 ± 0.04 9.20 ± 0.04 75.4 ± 0.2 18.6 ± 0.2 6.1 ± 0.1
64 84.99 ± 0.05 5.76 ± 0.03 9.25 ± 0.04 75.7 ± 0.2 18.3 ± 0.2 6.0 ± 0.1
256 85.09 ± 0.02 5.61 ± 0.02 9.30 ± 0.02 75.92 ± 0.06 18.18 ± 0.06 5.90 ± 0.04
1024 85.13 ± 0.06 5.53 ± 0.07 9.34 ± 0.04 76.11 ± 0.09 18.02 ± 0.09 5.87 ± 0.05
1 85.19 ± 0.08 5.42 ± 0.09 9.39 ± 0.09 76.3 ± 0.1 17.8 ± 0.2 5.9 ± 0.1

(b) Alloy B (Ni–5.2 Al–14.2Cr, at.%)

0.167 80.59 ± 0.09 5.19 ± 0.05 14.22 ± 0.08 71 ± 3 19 ± 3 10 ± 2
0.25 80.73 ± 0.09 5.07 ± 0.05 14.20 ± 0.08 73 ± 1 18.2 ± 0.9 9.2 ± 0.7
1 80.9 ± 0.1 4.75 ± 0.06 14.36 ± 0.09 73.4 ± 0.8 17.8 ± 0.6 8.8 ± 0.5
4 81.01 ± 0.15 3.97 ± 0.08 15.02 ± 0.14 74.3 ± 0.5 17.7 ± 0.4 8.0 ± 0.3
16 81.10 ± 0.06 3.61 ± 0.03 15.28 ± 0.06 75.5 ± 0.3 17.2 ± 0.2 7.3 ± 0.2
64 81.22 ± 0.07 3.45 ± 0.04 15.33 ± 0.07 75.7 ± 0.3 17.2 ± 0.3 7.2 ± 0.2
256 81.22 ± 0.07 3.30 ± 0.03 15.47 ± 0.07 76.0 ± 0.2 17.0 ± 0.2 7.1 ± 0.1
1024 81.16 ± 0.09 3.27 ± 0.04 15.57 ± 0.09 76.4 ± 0.3 16.7 ± 0.3 6.9 ± 0.2
1 81.3 ± 0.2 3.13 ± 0.08 15.6 ± 0.2 76.5 ± 0.5 16.7 ± 0.4 6.8 ± 0.3

(c) Alloy C (Ni–6.5 Al–9.5Cr, at.%)

0.5 83.05 ± 0.03 7.13 ± 0.08 9.82 ± 0.07 70 ± 3 21 ± 5 9 ± 5
0.75 82.99 ± 0.03 7.22 ± 0.07 9.79 ± 0.07 71.3 ± 0.1 20.4 ± 0.2 8.4 ± 0.2
1 83.73 ± 0.01 6.46 ± 0.03 9.81 ± 0.03 71.5 ± 0.5 20.5 ± 0.8 8.1 ± 0.9
1.5 83.74 ± 0.03 6.38 ± 0.07 9.88 ± 0.06 72.3 ± 0.2 19.6 ± 0.3 8.1 ± 0.4
2 83.74 ± 0.02 6.38 ± 0.04 9.87 ± 0.04 72.8 ± 0.5 19.4 ± 0.8 7.8 0.8
3.5 83.83 ± 0.04 6.27 ± 0.08 10.08 ± 0.08 74.1 ± 0.4 18.7 ± 0.8 7.2 ± 0.9
4 83.72 ± 0.01 6.29 ± 0.03 9.99 ± 0.03 74.53 ± 0.09 18.4 ± 0.2 7.1 ± 0.2
16 83.90 ± 0.01 5.90 ± 0.03 10.20 ± 0.03 75.09 ± 0.08 11.0 ± 0.1 6.9 ± 0.2
64 83.99 ± 0.02 5.80 ± 0.05 10.21 ± 0.05 75.55 ± 0.07 17.9 ± 0.1 6.6 ± 0.2
256 84.06 ± 0.02 5.71 ± 0.05 10.23 ± 0.05 75.82 ± 0.09 17.8 ± 0.2 6.4 ± 0.2
1024 84.11 ± 0.01 5.64 ± 0.04 10.25 ± 0.03 76.05 ± 0.05 17.65 ± 0.09 6.30 ± 0.07
4096 84.16 ± 0.01 5.57 ± 0.03 10.27 ± 0.02 76.24 ± 0.03 17.54 ± 0.06 6.22 ± 0.07
1 84.19 ± 0.02 5.49 ± 0.05 10.30 ± 0.05 76.4 ± 0.2 17.5 ± 0.3 6.1 ± 0.4
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Fig. 3b–d. At each time, a point in the two-phase field
(c0(L12) + c(fcc)) represents the mean composition of the
solid-solution, while a point in the c0(L12)-phase-field rep-
resents the mean c0(L12)-precipitate composition. The
above compositions are measured utilizing either APT for
alloys A–C (Fig. 3a) or extracted from the LKMC1 and
LKMC2 simulations (Fig. 3c and d) or are calculated using
the KV mean-field model solving Eqs. (4)–(6) (Fig. 3b). As
demonstrated by Fig. 1, at any given time, the concentra-
tion of Ni, Al, Cr in the c0(L12)-precipitates with mean
radius hRi, equals the mean concentration, hCii, in
c0(L12)-precipitates, within experimental uncertainty. Eq.
(6) takes advantage of this experimental finding.

Fig. 3a–d, reveal the following striking features:

(a) APT observations (Fig. 3a), demonstrate that, while
the c(fcc)-matrix composition evolves along the tie-
line from the initial mean alloy composition to the
two-phase, (c(fcc) + c0(L12)), equilibrium composi-
tions, the mean c0(L12)-precipitate composition com-
mences deep inside the c0(L12)-phase-field and
follows a trajectory in this phase field toward the
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
Mater (2011), doi:10.1016/j.actamat.2011.10.046
c0/(c0 + c) solvus curve. The c0(L12)-precipitates are
initially supersaturated in Al and with increasing time
the c0(L12)-precipitate composition evolves slowly
toward its equilibrium value. The trajectory of the
c0(L12)-precipitate composition in the ternary dia-
gram is rectilinear, to a good approximation, but
does not follow the direction of the tie-line. These
features agree qualitatively with the predictions of
the KV mean-field model [39]. The observed initial
Al-supersaturation in the c0(L12)-precipitates is qual-
itatively well reproduced by LKMC1 and LKMC2

simulations as well as by the KV mean-field
model—see Fig. 3c, d and b, respectively.

(b) APT observations (Fig. 3a) also demonstrate that the
initial Cr concentration in the c0(L12)-precipitates is
larger than its equilibrium value. This fact is well
reproduced by the LKMC1 simulations (Fig. 3c),
but is at variance with the KV model predictions
(Fig. 3b) and with the LKMC2 simulations (Fig. 3d).

(c) The LKMC simulations with parameter set 1
(LKMC1, Fig. 3c) reproduce correctly the evolution
of the Al, Cr, Ni concentrations as observed with
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Fig. 4. Temporal evolution of the Ni, Al and Cr supersaturations, Eqs. (3a) and (4), in the c(fcc) solid-solution (left) and c0(L12) precipitates (right) in
alloys A (black dots), B (grey dots) and C (open triangles).
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APT for alloys A–C (Fig. 3a). Alternatively, neither
the mean-field model [39] (Fig. 3b) nor the simula-
tions with parameter set 2 (LKMC2, Fig. 3d) achieve
this result.

3.2. Concentration profiles at the c(fcc)/c0(L12) interface

Fig. 5a–c display, for alloys A–C, respectively, how the
concentration profiles of Ni, Al and Cr, evolve temporally
close to the c(fcc)/c0(L12) interface. In all three alloys, the
transition from the composition in the c0(L12)-precipitate-
phase to that of the c(fcc)-solid-solution matrix takes place
gradually in a layer 2–3 nm thick. In alloy B (Fig. 5b), in
the c(fcc)-matrix, at early stages (respectively 0.25, 1 and
4 h of aging) we notice a depletion in Al concentration
(respectively �0.4, �0.3 and �0.1 at.% in a layer �2 nm
thick), together with an accumulation of Cr (respec-
tively,+0.4,+0.3 and +0.1 at.% over similar distances). A
small and more localized retention of Ni occurs as a result
of the local imbalance between the Al depletion and Cr
accumulation. At 16 h aging time (not displayed in
Fig. 5b) and beyond, the concentration profiles in the
c(fcc)-matrix are flat within experimental uncertainty. It
is emphasized that 4 h of aging corresponds to the end of
the nucleation and growth stage and the onset of growth
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
Mater (2011), doi:10.1016/j.actamat.2011.10.046
and coarsening in alloy B [9,10]. In alloy A, a similar
behavior is observed, although less pronounced, which
vanishes at a shorter aging time: the Al depletion is �0.3
and �0.1 at.% at 0.25 and 1 h aging time and has disap-
peared after 4 h aging. Correspondingly, the Cr retention
is +0.2 and +0.1 at.%. In alloy C, a faint Al depletion is
detectable after 1=4 h of aging, but it vanishes at 1 h of aging.
A Cr retention is visible at 1=4 h aging (+0.4 at.%), very faint
at 1 h, and disappears at 4 h of aging. Notice that similar
stages of phase separation are obtained at shorter aging
times in alloys A and C compared to alloy B: the coarsen-
ing and growth regime starts after 1 h of aging instead of
4 h in alloy B. These observations are summarized in
Table 5.

As shown in Fig. 5, the LKMC1 simulations well repro-
duce the shape of the Al, Cr and Ni concentration profiles,
as observed by APT, for all three alloys, A–C, for all aging
times, with good quantitative agreement (Table 5). How-
ever, the LKMC2 simulations fail to reproduce the early
stage Al depletions and Cr retentions in the three alloys.

3.3. Discussion

3.3.1. Compositional trajectories
It is important to notice that because the c0(L12)-precip-

itate composition trajectory is not aligned with the tie-line,
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Fig. 5. Concentration profiles in the vicinity of the c/c0 interface, as a function of aging time, in alloys A–C, as observed using APT and as simulated either
with LKMC1 or LKMC2.
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the mean composition of the alloy (which is time invariant)
differs from the weighted average of the compositions of
the c0(L12)-precipitates and the c(fcc)-matrix for the three
alloys. The reason for this is the occurrence of broad diffu-
sional concentration-profiles surrounding the c0(L12)-pre-
cipitates (Section 3.1) [9,10,13,14,29,30].

Notice the excellent agreement, for the three alloys A–C,
between the compositional trajectories observed by APT
(Fig. 3a) in the real alloys and those generated by LKMC1

simulations (Fig. 3c). The large initial Al supersaturation in
c0(L12)-precipitates, observed for the three alloys, reflects
the fact that Al is the fastest-diffusing species. Since
LKMC1 simulations reproduce accurately the APT
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
Mater (2011), doi:10.1016/j.actamat.2011.10.046
observations, we can rely on an analysis of the diffusion
matrix under parameter set 1, as defined in Section 2.4,
to explain the initial c0(L12)-precipitate composition.
Table 3a demonstrates that for the three alloys the fast-
est diffusion eigenmode is dominated by Al. Under
parameter set 1, the fastest eigendiffusion coefficient (in
10�20 m2 s�1 units) decreases from 2.47 in alloy A, to 2.28 in
alloy C, and 2.19 in alloy B. Importantly, the initial Al super-
saturation in the c0(L12)-precipitate phase decreases from alloy
A to C to B. Also seen in Table 3a, the fastest diffusion
eigenmode carries with each Al atom 0.44 Cr atoms in alloy
B, 0.42 Cr atoms in alloy C, and 0.40 Cr atoms in alloy A.
Early stage c0(L12)-precipitates are interestingly strongly
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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Fig 5. (continued)

Table 5
Maximum solute depletion (�) or retention (+) in the c(fcc) matrix at the
c/c0 interface (at.%) for alloys A–C as determined by APT, LKMC1 and
LKMC2.

APT LKMC1 LKMC2

Al Cr Al Cr Al Cr

A 1=4 h �0.3 +0.2 �0.2 +0.2 �0.1 0
1 h �0.1 +0.1 �0.1 +0.2 �0.1 0
4 h 0 0 0 0 0 0

B 1=4 h �0.4 +0.4 �0.5 +0.5 0 0
1 h �0.3 +0.3 �0.3 +0.3 0 0
4 h �0.1 +0.1 �0.1 +0.1 0 0

C 1=4 h �0.1 +0.4 0 0 0 0
1 h 0 0 0 0 0 0
4 h 0 0 0 0 0 0

14 Z. Mao et al. / Acta Materialia xxx (2011) xxx–xxx
supersaturated in Cr in alloys B and C, while they are weakly
supersaturated in Cr in alloy A. We thus conclude that the
initial Cr supersaturation in c0(L12)-precipitates is a manifes-
tation of the diffusional drift of Cr by Al during the early
stages of the precipitation process.

Alternatively for LKMC2, the fastest diffusion eigen-
mode carries with each Al atom 0.23 Cr atoms in alloy
A, 0.26 Cr atoms in alloy B, and 0.24 Cr atoms in alloy
C (Table 3a). The Al flux therefore drags less Cr than for
LKMC1. For the LKMC2 simulations the trajectory of
the c0(L12)-precipitate-phase composition is opposite to
that under parameter set 1: the initial c0(L12)-precipitates
are now subsaturated in Cr. The LKMC2 c0(L12)-trajecto-
ries (Fig. 3d) are qualitatively similar to those predicted by
the mean-field model (Fig. 3b), which ignores flux cou-
plings, but takes into account the Gibbs–Thomson effect.
We therefore conclude that the initial c0(L12)-composition
for LKMC2 (where flux couplings are strongly reduced)
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
Mater (2011), doi:10.1016/j.actamat.2011.10.046
reflects the fact that a thermodynamics effect (Gibbs–
Thomson) is now overpowering the kinetic-coupling effects
that dominate in LKMC1 and in real alloys; in particular,
as shown in Fig. 3d, the initial c0(L12)-composition is the
same for all three alloys, A–C, at variance with what occurs
when flux couplings dominate (Fig. 3c).

3.3.2. Concentration profiles at the c(fcc)/c0(L12) interface
As shown by Fig. 5 the details of the early stage concen-

tration profiles at the c(fcc)/c0(L12) interface are well repro-
duced by LKMC1 simulations, but not by LKMC2

simulations. The depletion in the Al concentration profile
and the accumulation in the Cr profile observed by APT
in alloy B, up to 4 h of aging, and to a lesser extent in alloys
A and C, up to 1 h of aging (the end of the nucleation and
growth stage in alloys A and C), are also present in the
LKMC1 concentration profiles, but not in the LKMC2 sim-
ulations. Since these features manifest themselves using
LKMC1 but not with LKMC2, we may attribute them to
the strong diffusional flux couplings that prevail in the
fast-diffusion eigenmode for parameter set 1 but not for
parameter set 2. For example, in alloy B, Al fast diffusion
to the c0(L12)-precipitates drags 0.44 Cr atom per Al atom,
while thermodynamics requires �0.64 Cr atom per Al atom
to leave the nucleus in order to form a c0(L12)-precipitate
with the equilibrium composition. For alloys A and C,
these numbers are, respectively, 0.40 and 0.42 for kinetic
drag and �0.27 and �0.36 for forming equilibrium compo-
sitions. Therefore, diffusional couplings oppose the tempo-
ral evolution that thermodynamics require and hence the
Cr accumulation in the c(fcc)-matrix in the vicinity of the
c0(L12)-precipitates. Since the diffusional couplings are
much weaker utilizing LKMC2, we expect such a Cr accu-
mulation not to occur using LKMC2 simulations, which is
hase separation: An atomic-scale study in Ni–Al–Cr alloys. Acta
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indeed the case. At later stages, (according to Fig. 2,
beyond a few hours of aging in alloys A and B and beyond
more than 10 h in alloy C), the medium diffusion-mode
now contributes to matter transport at distances larger
than the edge-to-edge interprecipitate distance. Table 3a
demonstrates that the medium diffusion-mode exhibits
quite distinct flux-couplings compared to the fastest mode.
In alloy B, a unit flux of Al to the c0(L12)-precipitates drags
a counter-flux of 2.55 Cr atoms away from the c0(L12)-pre-
cipitates (2.95 and 2.69 Cr in alloys A and C, respectively).
Diffusional flux-coupling in the medium mode does not
oppose the thermodynamic driving force: hence, the later
stage flattening of the concentration profiles, as observed
in the APT and LKMC1 results.

4. Conclusions

� The kinetic pathways leading to the formation of c0(L12)-
precipitates in three concentrated model Ni–Al–Cr alloys
are studied by a combined approach employing APT, the
KV mean-field model, LKMC simulations and diffusion
theory. The essential elements of diffusion theory and of
the KV mean-field model are calculated by appropriate
Monte Carlo techniques using the same parameters as
for the LKMC simulations. The latter parameters are
deduced from first-principles calculations and experimen-
tal fits (LKMC1). A second set of parameters (LKMC2) is
also used to assess the mechanisms we propose: LKMC2

parameters are identical to LKMC1, except for the long-
range vacancy–solute binding energies, which are artifi-
cially canceled beyond the first nearest-neighbor distance.
Three distinct Ni–Al–Cr alloys with different mean-com-
positions are studied, with some common general trends
and quantitative differences emerging.
� The temporal evolution of the compositions of the c0(L12)-

precipitates and c(fcc)-matrix determined from APT and
from LKMC1 (which accounts for the long-range
vacancy–solute binding energies obtained employing first-
principles calculations) follow the same trajectory.
� In agreement with the KV mean-field model, the compo-

sitional trajectories are found to be rectilinear: the
c(fcc)-phase composition follows the tie-line, while the
c0(L12)-phase composition does not. The initial
c0(L12)-phase composition is deep inside the c0(L12)-
phase field, off the tie-line in the (c0(L12) + c(fcc))
phase-field, connecting the equilibrium compositions of
the c(fcc)-matrix and c0(L12)-precipitate phases.
� Neither the existing KV mean-field model nor the LKMC2

simulations incorporate correctly the complete couplings
among the diffusional fluxes. The KV mean-field model
assumes a diagonal diffusion-matrix, while LKMC2

weakens intentionally the kinetic flux-couplings among
the diffusional fluxes, by suppressing the long-range mono-
vacancy–solute binding energies beyond the first-NN
distance. Both techniques predict very similar composi-
tional trajectories, neither of which follows the trajectory
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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determined experimentally by APT. Both have in common
an initial c0(L12)-phase composition, which is independent
of each alloy’s nominal composition: this reveals the contri-
bution of the Gibbs–Thomson effect on the initial c0(L12)-
phase composition, which is properly treated in the mean-
field model and which dominates in the absence of strong
kinetic atomic-flux couplings. We conclude that the
Gibbs–Thomson effect is overpowered by kinetic flux cou-
plings in the early stage of phase separation.
� All models yield a high initial Al supersaturation in the

c0-phase. An analysis of the diffusion matrix in the ter-
minal solid-solution demonstrates that only the fastest
diffusion eigenmode contributes to the formation of
the microstructure for the first few hours of aging (i.e.
in the nucleation, and nucleation and growth stages).
This mode is dominated by Al, which drags Cr: the cou-
pling is strong when the long-range vacancy–solute
binding energy (LKMC1), through fourth-NN dis-
tances, is operative, and much weaker when the latter
binding is switched off at second- through fourth-NN
distances (LKMC2).
� This research therefore demonstrates the importance of

diffusional flux-couplings in determining the kinetic
pathways for phase separation at least in the nucleation,
and nucleation and growth stages.
� Formulating a comprehensive theory of nucleation,

growth and coarsening that takes complete account of
the diffusional flux-couplings in concentrated multicom-
ponent alloys remains a demanding open challenge.
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Appendix A

A.1. Adiabatic elimination of the vacancy concentration field

In the quaternary alloys (three elements plus vacancies)
we have considered, the system is defined by three
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Table A1
Diffusion eigenmodes for alloys A–C, as calculated within
the local equilibrium approximation for vacancies
($lv = 0), with parameter set 1. The calculations are
performed in the c(fcc)-phase solid-solution with equilib-
rium compositions, i.e. for alloys A, B and C: Ni–5.35
Al–9.4Cr, Ni–3.4Al–15.23Cr and Ni–5.42Al–10.3Cr
(at.%), respectively. For each alloy, we give the faster
eigenmode (DR fast (m2 s�1) and J R fast

Cr =J R fast
Al ), where

superscript R stands for “reduced” and the intermediate
eigenmode (DR medium (m2 s�1) and JR med

Cr =J R med
Al ).

Alloy LKMC1

A DR fast (m2 s�1) (2.5 ± 0.1) 10�20

J R fast
Cr =J R fast

Al 0.398 ± 0.004
DR medium (m2 s�1) (4.0 ± 0.2) 10�22

J R med
Cr =JR med

Al �2.53 ± 0.02

B DR fast (m2 s�1) (2.2 ± 0.1) 10�20

J R fast
Cr =J R fast

Al 0.44 ± 0.05
DR medium (m2 s�1) (5.2 ± 0.3) 10�22

J R med
Cr =JR med

Al �2.27 ± 0.02

C DR fast (m2 s�1) (2.3 ± 0.1) 10�20

J R fast
Cr =J R fast

Al 0.42 ± 0.03
DR medium (m2 s�1) (4.1 ± 0.2) 10�22

J R med
Cr =JR med

Al �2.38 ± 0.02

Table A2
Results of a LKMC simulation of the Ni–5.24Al–14.24Cr alloy: the aging
time was 4 h at 600 �C for a 64 � 64 � 64 cell. The ratios in the second and
third columns were obtained by first calculating the following quantities:
(1) tnormalized

matrix ¼ tmatrix=V matrix; (2) tnormalized
precipitates ¼ tprecipitates=V precipitates; and (3)

tnormalized
interfaces ¼ tinterfaces=V interfaces. These three numbers were then divided by

tmatrix/Vmatrix to obtain the following dimensionless ratios in this table.

LKMC1: with
v–s binding
energies to
4th NN

LKMC2: with
v–s binding
energies beyond
1st NN suppressed
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independent diffusion potentials, three independent concen-
trations, and three independent fluxes for Ni, Al and Cr (see
Section 2.5).

The mean vacancy jump frequency is, however, orders
of magnitude (1/Cv) greater than that of an atom, because
the atomic jump frequency is of the order of the vacancy
jump frequency times the vacancy concentration. As a con-
sequence, we can make the assumption that the vacancy (at
some time scale) is in local equilibrium with the atomic
configuration (i.e. the vacancy spends more time in regions
that it is attracted to), as suggested by Fig. A1, which is a
snapshot of two c0(L12)-precipitates in a c(fcc)-matrix (yel-
low background) obtained from a LKMC simulation of the
Ni–5.24Al–14.24Cr alloy: the aging time was 4 h at 600 �C
for a 64 � 64 � 64 cell. Fig. A1a displays the positions of a
vacancy’s trajectory (red squares) over 4 h utilizing the
LKMC1 parameters (vacancy–solute binding energies to
the fourth-NN distance). Fig. A1b is for the same system
employing the LKMC2 parameters (vacancy–solute bind-
ing energies to the first-NN distance only). Fig. A1 demon-
strates that for LKMC1 the vacancy spends the majority of
its time in the c0(L12)-precipitates and in the interfacial
region between them, which is why the coagulation–coales-
cence coarsening mechanism is operative. However, for
LKMC2 the vacancy spends significantly less time in the
c0(L12)-precipitates and in the interfacial region between
the c0(L12)-precipitates, which is why the evaporation–con-
densation coarsening mechanism is operative [56].
Table A2 quantifies the LKMC results obtained for both
cases.

This assumption of local equilibrium translates mathe-
matically as $lv = 0, which states the uniformity of the
chemical potential of a vacancy [57]. The Gibbs–Duhem
equation requires that:
c(fcc)-matrix away from the
interfacial region
between two c0(L12)
precipitates

1 1
X
i

Cirli þ Cvrlv ¼ 0; where i ¼ Ni;Al;Cr ðA1:aÞ
Inside the c0(L12)
precipitates

4.12 2.68
which together with Cv ¼ 1�
P

iCi yields:

The interfacial region

between two c0(L12)
precipitates

3.25 1.18
X
i

Cirðli � lvÞ þ rlv ¼ 0 ðA1:bÞ
Fig. A1. Two snapshots of two c0(L12)-precipitates in a c(fcc)-matrix (yellow background) obtained from a LKMC simulation of the Ni–5.25Al–14.24Cr
alloy: the aging time was 4 h at 600 �C for a 64 � 64 � 64 cell. (a) The positions of a vacancy’s trajectory (red squares) over 4 h utilizing the LKMC1

parameters (vacancy–solute binding energies to fourth-NN distance). (b) The same system but employing the LKMC2 parameters (vacancy–solute binding
energies to first-NN distance only). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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The hypothesis rlv ¼ 0 yields:X
i

Cirðli � lvÞ ¼ 0 ðA2:aÞ

And

rðlNi � lvÞ ¼ �
CAl

CNi
rðlAl � lvÞ �

CCr

CNi
rðlCr � lvÞ

ðA2:bÞ
The matter fluxes as given by Eq. (11) are now:

J Al

J Cr

� �
¼ ðXkT Þ�1LR rðlAl � lvÞ

rðlCr � lvÞ

� �
; ~J R ¼ �ðXkT Þ�1LRr~lR

ðA3:aÞ

LR ¼
LAlAl � CAl

CNi
LAlNi LAlCr � CCr

CNi
LAlNi

LCrAl � CAl
CNi

LCrNi LCrCr � CCr
CNi

LCrNi

 !
ðA3:bÞ

And

J Ni ¼ LNiAl �
CAl

CNi
LNiNi LNiCr �

CCr

CNi
LNiNi

� �
	 ðLRÞ�1~J R
� 	

ðA3:cÞ
The diffusion matrix is:

DR ¼ LRvRðkT Þ�1and
J Al

J Cr

� �
¼ �DRr

CAl

CCr

� �
X�1 ðA4Þ

with:

vR
AlAl ¼ vAlAl � vAlNi

aAl
b

vR
AlCr ¼ vAlCr � vAlNi

aCr
b

vR
CrAl ¼ vCrAl � vCrNi

aAl
b

vR
CrCr ¼ vCrCr � vCrNi

aCr
b

aAl ¼ vNiAl þ CAl
CNi

vAlAl þ CCr
CNi

vCrAl

aCr ¼ vNiCr þ CAl
CNi

vAlCr þ CCr
CNi

vCrCr

b ¼ vNiNi þ CAl
CNi

vAlNi þ CCr
CNi

vCrNi

All the above coefficients can be deduced from Section 2.5.
Table A1 presents the diffusion eigenmodes found with

the present approximation. As can be seen by comparing
the entries with Table 3, the fast eigenmode compares very
well with the exact calculation. The second eigenmode is
qualitatively similar but differs quantitatively from the
medium mode.
Appendix B

B.1. Computing compositional trajectories from the

Kuehmann–Voorhees mean-field model [39]

The compositional trajectory of the c(fcc)-phase is
defined by the time-dependent difference between the far-
field concentration in the c(fcc)-phase and the equilibrium
composition of the terminal solid-solution; the trajectory is
given by Eq. (4) in Section 2.2. The composition of the
c0(L12)-phase is defined by the time-dependent difference
between the mean concentration in the c0(L12)-precipitates
and the equilibrium composition of the c0(L12)-phase. APT
Please cite this article in press as: Mao Z et al. Kinetic pathways for p
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observations reveal that the mean value of the c0(L12)-
precipitate composition is very close to the composition
of the c0(L12)-precipitate with mean radius hRi (Fig. 3).
The compositional trajectory of the c0(L12)-precipitates is
thus given by Eq. (6) in Section 2.2.

Both Eqs. (4) and (6) involve time in a dependent vari-
able (hR(t)i) and materials parameters defined at equilib-
rium: solute partitioning (pi, i = Al, Cr), susceptibilities
(Ga

;ij a = c, c0), the c(fcc)/c0(L12) interfacial free energy,

rc/c0, and the diffusion coefficients DCrCr and DAlAl.
Evaluating the above parameters for all three alloys (A,

B, C) implied a combination of fitting experimental APT
observations (hR(t)i, pi), computing by Monte Carlo tech-
niques based on the same parameters as used for LKMC
(Ga

;ij a = c, c0), use of a NIST database [58] for diffusivities,
and a combination of these to extract the c(fcc)/c0(L12)
interfacial free energy [9,13,14].
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